Abstract. After reviewing the notion of apparent contours of a smooth map ϕ from a compact manifold N to another manifold M , we recall the construction of an associated Legendrian subvariety in the space of contact elements of the goal manifold M and we study various examples. The main result is that, in some sense, non-trivial Legendrian deformations of apparent contours do not exist: In the space of contact elements of a real projective space, the set of the Legendrian submanifolds obtained in this way is closed under Legendrian isotopy.
Introduction
This paper deals with variations on the theme of generating families in symplectic and contact topology. These ideas were initiated by Arnold and motivated by his conjecture about symplectic intersections of Lagrangian submanifolds. This theory, which is the result of the work of many people, is reviewed in an extensive paper by Eliashberg and Gromov [EG] . Most of the current state of the art in this theory is contained in that paper. In particular, Theorem A below is probably already implicit in [EG] . In the classical theory, one has to introduce mappings and functions defined over open manifolds, and hence to impose conditions at infinity. In theorem B below, only compact objects are involved. It is a close relative of Chekanov's theorem [Ch] (see also [Fe] ). This paper is self-contained, apart from some references to classical textbooks [Ar] , [AG] , [AGV] .
Throughout this paper, M and N denote smooth manifolds of dimensions m and n, respectively. In addition, N is assumed to be closed (i. e., compact without boundary). The real projective space of dimension k is denoted by P k . P always denotes the real projective space of dimension m. The projectivization of a non-zero vector v (a non-zero covector p) is denoted by [v] (respectively, [p] ).
A contact element of M is the collection of a point q ∈ M and of an hyperplane in the tangent space of M at q. In other words, the set of all contact elements Denote by {Ψ t } t∈[0,1] a contact isotopy, i. e., a smooth one-parameter family of contactomorphisms of P T * P such that Ψ 0 is the identity. Fix any smooth map ϕ : N → P (l ϕ needs not to be embedded or even immersed). The following statement says that the property of being the Legendrian reduction of a closed manifold is preserved by contact isotopies.
Theorem B. There exists a closed manifold N , and a one parameter family of maps Φ t : N → P such that Ψ t (l ϕ ) = l Φt .
Nota. N belongs to a family of manifolds {N k } k∈Z whose topology is explicitly controlled. N 0 is N , and N k+1 is a bundle over N k , with fiber P m−1 , whose structure is completely determined by ϕ.
Sections 5 to 7 are devoted to the proof of this theorem.
Corollary. If a path-connected component of the space of Legendrian embeddings in P T * M contains an element of the form l ϕ , then any other element of this component is also of this form. This is due to the fact that any path in a connected component of the space of Legendrian embeddings in P T * M can be induced by some contact isotopy (the corresponding contact Hamiltonian can be constructed explicitly. See [AG, Ch. 4] ).
Examples of Reductions of Closed Manifolds

Excellent Morse functions.
Here N is any closed compact manifold, and ϕ a smooth function with values in the real line M . Then the definition of Morse maps coincides with the classical definition of Morse functions: ϕ is Morse iff the graph of its differential is transversal to the zero section of T * N . If furthermore ϕ is excellent, then two critical points must have distinct critical values.
2.2. One Point. Here, N is one point, M is arbitrary and ϕ(N ) = y is the inclusion of this point in M . Then l ϕ is the fiber π −1 (y). It is an embedded Legendrian submanifold in P T * M .
2.
3. An immersed curve in the plane. Here N is the circle, and M is the projective plane. If ϕ is an immersion of N into the plane, then ϕ is Morse. l ϕ is the projectivization of the conormal bundle of the image of ϕ. It is an immersed Legendrian submanifold. ϕ is excellent if all crossings in its image are transverse. Under this assumption, l ϕ is embedded.
2.4. A cusped curve in the plane. Here N is again the circle, and M is still the projective plane P 2 . But we assume that ϕ is an immersion of N everywhere except at some isolated points where ϕ has non-degenerate cusps (locally equivalent to t → (t 2 , t 3 )), so that ϕ is not Morse. At a cusp point, the image of ϕ is singular, but nevertheless there is a well defined tangent. It is a typical wave front, and there is a well-defined Legendrian lift of this curve. From the definition, it follows that l ϕ is the union of this Legendrian lift, and of all the fibers above the cusp points. These pieces intersect tangentially in P T * P 2 . Figure 1 . The apparent contour of a Klein Bottle, or of a torus 2.5. Maps from a surface to a surface. In this example N and M are both compact surfaces, and ϕ is a stable map. According to Whitney, the set of all critical values of ϕ is a collection of curves in M with non-degenerate cusps and transverse self-intersections (like the curve of Fig. 1 ). Again this is a typical wave front (possibly the same as in Example 2.4). But in this case, l ϕ consists only in the Legendrian lifts of the curves. This shows that the knowledge of the critical set of ϕ is not sufficient to determine l ϕ . Note that the same Legendrian submanifold might associated to several source manifolds. For example the curve of Fig. 1 is the contour of a Klein bottle and also the contour of a torus, both immersed in R 3 and projected on the plane. To construct an immersed torus whose contour in the plane is that shown in Fig. 1 , consider the homotopy of immersed circles of Fig. 2 . This defines an immersed cylinder in the three-dimensional "space-time". Glue the two "figure eight" curves at the ends of this cylinder by the trivial gluing, and project the resulting immersed torus along the vertical axis. It is simpler to get a Klein bottle: replace the homotopy of Fig. 2 by a rotation by π of the figure eight.
Figure 2. Slices of an immersed cylinder
There exists however many restrictions on the topology of the contours that are reminiscent of the topology of the source manifold (see for example [Hae] ).
2.6.
A stable mapping between two compact manifolds is excellent. The critical set always lifts to an embedded Legendrian submanifold. However, in many instances, the corresponding l ϕ is not in general position with respect to the projection π. For example, a Whitney umbrella is not a stable wave front.
Proof of Theorem A
In this section, we suppose that ϕ : N → M is an excellent map, and we show that l ϕ is an embedded Legendrian submanifold of P T * M .
We begin by some local considerations. Assume that ϕ is a map defined over R n with values in R m . Denote by M n,m the space of real matrices of width n and height m, and by ∆ k the set of matrices whose rank is exactly k. We look at Dϕ as a map from R n to M n,m . Assume that Dϕ is transversal to all the strata
Lemma. If ϕ is Morse, then κ is transversal to K.
Proof. Roughly speaking, this follows from the fact that the stratified set ∆ 0 ∪∆ 1 ∪ · · ·∪∆ min(n,m)−1 of matrices whose rank is less than min(m, n) is the apparent contour of K viewed along the projection Π :
Proof. We identify T (x,p) (R n × P m−1 ) with the set of all (X, ℘), where X ∈ R n , ℘ ∈ R m , ℘ orthogonal to p. Denote by DDϕ the second differential of ϕ with respect to our coordinates. The tangent space to
t Dϕ(x)) would have rank less than m, which would contradict the fact the map (x, p) → pDϕ(x) is transversal to 0. Hence,
• It has dimension m − 1 (since K has codimension n).
In the non-local setting, K ϕ is defined as follows: There is a natural map from
is the projectivization of the preimage of the zero-section of T * N by this map. According to the local study, K ϕ is an embedded submanifold of ϕ * (T * M ), and l ϕ is an immersed Legendrian submanifold parametrized by K ϕ . If in addition ϕ is excellent, then two distinct points in K ϕ must have distinct images, so that l ϕ is embedded.
Projective Duality
The following interpretation of projective duality in terms of contact geometry was made popular by Arnold.
Denote by P ∨ the dual space of P , i. e., the set of all projective hyperplanes of P . It is a projective space, whose dual is canonically identified with P . An element of P T * P can be seen as a couple (y, y ∨ ), where y ∨ is a projective hyperplane that goes through y. Conversely, an element of P T * P ∨ can be identified with a couple (y ∨ , y), where y is a point in P that belongs to y ∨ .
Arnold's contactomorphism. The map (y, y ∨ ) → (y ∨ , y) induces a contactomorphism between P T * P and P T * P ∨ . See [Ar, Ch. 3] for details. Hence P T * P is endowed with two natural Legendrian fibrations π : P T * P → P and π ∨ : P T * P → P ∨ . At each point z ∈ P T * P , the contact hyperplane at z is the direct sum of the tangent spaces of the two fibers π −1 (π(z)) and π ∨ −1 (π ∨ (z)). A subset of P and a subset of P ∨ which are projectively dual according to the classical point of view are just the two projections π(l) and π ∨ (l) of some Legendrian subvariety in l ⊂ P T * P .
Small Deformation of a Fiber
In this section, we explain the central idea of this paper by considering a trivial particular case. Pick some contactomorphism Ψ of P T * P . Assume that it satisfies the following:
Hypothesis H. Ψ is such that, for any y ∈ P , the restriction of π ∨ to the deformed fiber Ψ(π −1 (y)) is an embedding in P ∨ .
Lemma. If Ψ is close enough to the identity, then H holds.
Proof. Consider A Ψ = {(y, Ψ(π −1 (y))), y ∈ P } ⊂ P × P T * P . The restriction to A Ψ of the map (y, z) → (y, π ∨ (z)) is an embedding if Ψ is the identity map. It remains an embedding if Ψ is close enough to it. Suppose that N is one point, and that ϕ is the inclusion ϕ(N ) = y ∈ M . Then the image by Ψ of the Legendrian submanifold l ϕ , that is of the fiber π −1 (y), can be identified with l Φ , where Φ is the embedding of π −1 (y) = P m−1 in P ∨ induced by π ∨ • Ψ. Hence we see that, in this example, the property of being a Legendrian reduction is preserved by the action of small contactomorphisms at the price of increasing the dimension of the source manifold. As we shall see later, the fact that Φ does not take its values in the same space as ϕ can be overcome.
Stabilization by Enveloppes of Families of Projective Hyperplanes
This is an elaboration on the preceding example. Consider now any closed manifold N , and any smooth mapping ϕ : N → P .
Define N to be ϕ * (P T * P ), the pull-back by ϕ of the bundle P T * P → P . Denote by Φ the natural map from N → P ∨ . Φ is called the stabilization of ϕ.
Nota. This makes sense only via the natural contactomorphism between P T * P and P T * P ∨ .
Example. The figure-eight curve and its dual (see Fig. 3 ): Suppose that N = S 1 and that ϕ is an excellent immersed curve in P 2 . The fiber above x of N → N is sent by Φ to π ∨ (π −1 (ϕ(x))). It is a line in P 2 ∨ , tangent at some point y ∨ to the curve dual to γ (y ∨ represents the line tangent to the image of ϕ at ϕ(x)). Hence the image of Φ is swept by a family of projective lines parametrized by N . In this example, the enveloppe of this family of lines is precisely the dual curve, since the dual curve is locally convex, which in turn follows from the fact that ϕ is an immersion. If one accepts the claim (which will be clarified in Section 7) that l Φ is the Legendrian lift of the enveloppe, then this confirms the Lemma.
Example. A non-generic curve in the plane: If the image of ϕ is a curve with some isolated non-degenerate cusps (a non-generic situation), the dual curve has some inflexions, and the enveloppe of the family of lines tangent to the dual curve consists in the union of the dual curve and the lines tangent to it at the inflexion points. These lines are precisely the projection of the fibers π −1 (y), for y a cusp point of ϕ. But these fibers belong to the Legendrian subvariety l ϕ .
Proof of the proposition. This is an explicit computation. First, we define an open set U in P T * P . Fix an hyperplane H ⊂ P , and consider some Euclidean coordinates In these coordinates, Arnold's contactomorphism reduces to the classical Legendre transform between U and V : it is the map   (y 1 , . . . , y m , p 1 , . . . , p m−1 ) →
We show now that l ϕ ∩ U = l Φ ∩ V modulo this contactomorphism. Denote by p the covector (p 1 , . . . , p m−1 , −1). By definition,
Denote by ϕ 1 , . . . , ϕ m the components of ϕ restricted to ϕ −1 (P \H). Φ −1 (π ∨ (U )) is the total space of a trivial bundle with base space ϕ −1 (P \ H) and fiber R m−1 × {−1}. Elements of (s 1 , . . . , s m−1 , −1) of R m−1 ×{−1} will be denoted by s. Hence, restricted to Φ −1 (π ∨ (U )), Φ is the map which associates to (x, s) the hyperplane orthogonal to s that goes through ϕ(x). It has the following form:
We abbreviate the covector (p
The explicit formula ( * ) implies that (y
Equations (iii) and (iv) follow from p ∨ DΦ(x, s) = 0. In these equations, s can be eliminated, and one gets precisely the image of l ϕ ∩ U by Arnold's contactomorphism.
Remark. The idea to realize singularities as enveloppes is not new: It was used by O. Shcherbak [Sh] for local considerations.
Proof of Theorem B
In this section, we first prove theorem B under the assumption that Ψ t satisfies the Hypothesis H of Section 5 for all t ∈ [0, 1]: for any y ∈ P , π ∨ restricted to any deformed fiber Ψ t (π −1 (y)) is an embedding. The map Φ below is the stabilization defined in the preceding section.
Proposition. There exists a family of maps Φ t : N → P ∨ such that
Proof. The mappings Φ t are defined as follows: Consider some X ∈ N . This corresponds to some x ∈ N and to some z ∈ π −1 (ϕ(x)). Φ t (X) is defined to be π ∨ (Ψ t (z)). The map Φ 0 is nothing but Φ. The image by Φ t of the fiber over x is a smooth embedded hypersurface H x,t in P ∨ , which is a small perturbation of the hyperplane H x = π ∨ (π −1 (ϕ(x))). Roughly speaking, the proposition holds because one has the following informal picture at the wave front level:
is the enveloppe of the family of hyperplanes H x,t , (ii) H x,0 is "sent" to H x,t by Ψ t , (iii) a contact transformation "preserve the enveloppes".
This can be made precise as follows: consider the subset W of P T * (P ∨ × N ) which consists in all the contact elements of P ∨ × N which are not tangent to the fibers of the projection P ∨ × N → N . Denote by C the subset of W which consists in all the contact elements of P ∨ ×N which are tangent to the fibers of the projection η : P ∨ × N → P ∨ , and by R the natural map R :
Lemma. There exists a contactomorphismΨ t of W which "lifts" Ψ t as follows:
(a)Ψ t preserve C, and for any
Assuming this lemma:
This proves the proposition.
Proof of the lemma. This construction is easy to explain with the help of a contact form. Denote by ST * P ∨ the set of cooriented contact elements of P ∨ , i. e., the spherization of T * P ∨ . Choose any Riemannian metric on P ∨ and identify ST * P ∨ with the hypersurface of T * P ∨ made of all unit covectors. The Liouville form of T * P ∨ , restricted to this hypersurface, is a contact from and induces the contact structure which lifts that of P T * P ∨ . Denote by α this contact form on ST * P ∨ . Denote by λ the Liouville form of T * N . α − λ is a contact form on ST * P ∨ × T * N . This manifold can be viewed as the set of cooriented contact elements of P ∨ × N which are not vertical with respect to the projection on N . It is a double cover of W . Denote byΨ t the lift of Ψ t to ST * P ∨ . We have thatΨ * t α = µ t α, when µ t is a positive function on P T * P ∨ . Suppose that q = (q 1 , . . . , q n ) is some local coordinate system on N . Denote by (q, p) the associated canonical coordinates on T * N . We have: λ = p dq. DefineΨ t (z, q, p) = (Ψ t (z), q, µ t p).Ψ t descends to a contactomorphismΨ t of W .
In the preceding notations, C corresponds to the set p = 0, hence C is preserved byΨ t . On C,Ψ t acts as the product of Ψ and the identity map. Claim (a) follows. Ψ t is constructed above such that the projections in P ∨ × N ofΨ t (l Γ0 ) and of l Γt are the same. The image of this projection is an embedding of N in P ∨ × N which completely determines the Legendrian submanifold which lies above. This proves claim (b).
Now that Ψ t (l ϕ ) is realized as the Legendrian reduction of N by a mapping with values in P ∨ , we can stabilize once more to realize the same Legendrian submanifold as a Legendrian reduction by a mapping with values in P . This proves Theorem B in the case of small deformations.
To remove the smallness assumption on {Ψ t } t∈[0,1] , we use a classical trick in the folklore of generating families theory: There exists K ∈ N and a subdivision t 0 = 0 < t 1 < t 2 < · · · < t K = 1 of [0, 1] such that, for k ∈ 1, . . . , K − 1 and t ∈ [t k , t k+1 ], Ψ t (l ϕ ) = Ξ t (Ψ t k (l ϕ )), where Ξ t is a contact isotopy which satisfies H.
We already know that there exists a family of mappings {Φ 
